Abstract-A unified theory of the singly and doubly degenerate Josephson-junction parametric amplifier is presented. Experimentswith single junctions on both amplifier modes at frequencies 10,35, and 70
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The singly degenerate amplifier (SDA) mode was suggested by Pedersen et ul. [ 6 ] and later put into operation by Mygind et ul. [ 7 ] , [8] . The SDA employs two independent matching circuits, one for the pump, and a common signal and idler circuit centered at half the pump frequency. Here, the important idler is at f i = fp -f, and maximum gain is at f, N f i N fp. In order to generate the idler at fp -f,, it is necessary to operate the amplifier at a finite value of dc-bias current.
In both modes, the Josephson inductance has a nonzero time average. In order to maximize the modulation depth the average value must be compensated. This may be accomplished in two ways; either by taking advantage of the intrinsic shunt capacitance of the junction and tune the LC resonance (the plasma resonance) to the signal frequency by means of the dc-bias current, or, if the capacitance is negligible, to suppress the average inductance by applying a dc magnetic field and/or by means of the pump power. The latter method is most often used for the DDA mode, whereas the dc-bias tuning is more convenient with the SDA. The pump power required for the DDA may be one or two orders of magnitude higher than for the SDA. In both cases, however, the pump power required is several orders of magnitude less than for conventional varactor amplifiers.
Theoretically, both modes have an upper cutoff frequency, which for commonly used materials is in the range 250-600 GHz. The amplifier bandwidth may be limited by the width of the internal plasma resonance or by the bandwidth of the external matching circuit. The width of the plasma resonance is typically Aw/o 5 0.1. In most cases, however, the observed bandwidth is Aw/o -which clearly demonstrates that the embedding microwave circuit is the bandwidth-limiting factor.
In this paper we present measurements on both DDA's and SDA's. The paper is organized as follows: In Section 11, the amplifier theory is briefly reviewed using a formulation that stresses the similarities between the two modes of operation. Section I11 describes the methods and the samples used in our experiments. Section IV presents the experimental results, and finally, Section V is devoted to a discussion of practical amplifier design in terms of device parameters.
THEORETICAL CONSIDERATIONS In previous publications [ 2 ] , [ 9 ] , [ l o ] ,
the theories of the singly degenerate and the doubly degenerate modes of parametric amplification with externally pumped Josephson junctions were evaluated. A unified description of both modes is, however, straightforward. Since both modes employ a common signal and idler matching circuit, the degeneracy is determined by the relation between signal and pump frequencies.
If f, -4 fp, the mode becomes singly quasi-degenerate and the principal idler is at f i l = fp -f, -4 fp. If f, -fp, the mode becomes doubly quasi-degenerate with the idler atfi2 = Assuming that the junction is biased at zero dc voltage and is short circuited at all frequencies except in two bands cen- In the present simplified discussion, we omit all details concerning the practical realization of the signal-matching circuit. We assume the idealized situation when the input/output line in the passband of the matching circuit is described by a characteristic impedance Z o , and outside the passband it shortcircuits the junction. The junction input admittance becomes with m = 2 or m = 3 for the SDA or DDA, respectively. The signal gain is found from G = Jg -Yin12/ Ig + Yin 1 ' and may, at center band (E E, 1 : til or E, Ei2), be written as where y = J1 sin Go for the SDA and J2 cos Go for the DDA. the denominator of ( 5 ) is near zero, i.e.,
In both modes, the operating point must be chosen such that
(6)
The high-gain condition ( 6 ) imposes several restrictions on the amplifier parameters. Since y (proportional to J1 or J 2 ) is limited, it is, in both modes, advantageous to tune 6 = @E2 -Jo cos $o to zero. If E(1 t g) approaches the maximum value of Jl or J2 , it becomes mandatory. In the case of a negligible junction capacitance (0 + 0), high gain is most conveniently achieved operating near the first zero of Jo , where both J 1 and J2 are almost at their maximum.
In all experiments in the DDA mode [ l ] -[SI, the device has been operated near the first zero of Jo(ol) and at zero dc current bias (cos &, = l) in order to maximize y. No attempt has been made to take advantage of the internal plasma resonance. In the experiments on the SDA mode reported in the subsequent sections, the plasma resonance is used to resonate out the average Josephson inductance (the term Jo cos @o). This is most conveniently done by means of the dc-bias current, since y = J 1 sin Go increases with increasing bias while Jo cos Go decreases. The SDA may be parametrically active at pumppower levels where Jo has decreased by only a few percent.
An important quantity characterizing the performance of the amplifier is the gain-bandwidth product. To conclude the theoretical section, we state a simple general expression valid in the high-gain limit, provided that the plasma resonance condition 6 = 0 is also satisfied. For both modes the result is
METHODS AND SAMPLES

A . Samples and Cryogenic Insert
It is obvious from the discussion in the preceeding section that the sample and matching circuit parameters must be chosen in accord with the particular application.
The samples used in our experiments were Sn-oxide& or Sn-oxide-Pb tunnel junctions. The areas used were typically 50 pm X 100 pm for the 10-GHz samples, 10 pm X 10 pm for the 35-GHz samples, and 10 pmX 10 pm for the 70-GHz samples. The corresponding current densities (at T = 0 K) were typically 20 A/cm2, 100-300 A/cmZ, and 500 A/cm2, giving maximum plasma frequencies of -25 GHz, -60-100 GHz, and -125 GHz, respectively. At 35 GHz, both single junctions and 12-junction arrays were investigated. The theoretical discussion was based on a simplified model of the amplifier. In real junctions, stray reactances play an important role. The thin wire of a point contact placed across a waveguide will introduce an inductive load in series with the contact. Also, the series reactance from the short and narrow superconducting strips contacting the junction(s) in thin-film devices are of an inductive nature. In order to compensate the reactance, additional reactive elements are needed, which may impose bandwidth limitation on the amplifier. Hence, (7) of Section I1 can only estimate the upper limit of the actual bandwidth.
In our experiments, the junctions were mounted across the low-impedance end of three different binomial quarter-wave impedance transformers. The impedance ratio of the 10-GHz transformer was 188, the 35-GHz transformer had a ratio of 58, and the 70-GHz transformer reduced the waveguide impedance by a factor of 64. The reactive tuning was accomplished by means of an adjustable inductive window followed by a dielectric phase shifter such that the electrical distance between the window and the junction could be varied.
Input and output signals were separated by a room-temperature circulator (10 GHz), a cryogenic circulator (35 GHz), and a room-temperature directional coupler (70 GHz). At 10 GHa, the junction was immersed in liquid helium, while in the other cases, the low-temperature part was enclosed in a vacuum can and the temperature stabilized to within 50 pK. In all cases, pump power was loosely coupled from the back side of the substrate. This coupling scheme is adequate because of the low pump power needed.
B. The Microwave System
The microwave receivers were at all three frequencies as shown in Fig. 1 . At the lower frequencies, water-cooled Gunn oscillators were used while klystrons were used at 70 GHz. The Gunn oscillators (both short-and long-term stability were better than 50 kHz) were sufficiently stable to be left free running, whereas the klystrons had to be frequency locked to Gunn oscillators. Low-pass filters prevented higher harmonics from reaching the junction and the mixer.
The output from the mixer was amplified by a low-noise (<2-dB) IF amplifier and displayed on a spectrum analyzer (SA) with a resolution bandwidth BSA = 300 kHz. The SA output could be traced on an X-Y recorder.
A waveguide noise tube and a room-temperature termination were used as standards for the noise-temperature measurement.
N. EXPERIMENTAL RESULTS
A. 10 GHz
Both the DDA and the SDA were investigated at 10 GHz. Only measurements of the gain were performed, as the noise temperatures evidently were very high. This was probably caused by the very low resistance (0.1-1 52) of the junctions, compared to the output impedance of the transformer. This will be discussed in more detail below. The following discussion will refer to a specific junction with R -1 52.
In the DDA mode, the gain was only a few decibels. Typical experimental traces are illustrated in Fig. 2 . The upper part of the figure shows the I-Vcurve with and without pump power. It is seen that the pump power needed to produce gain corresponds to a near-complete suppression of the supercurrent. The lower part of the figure shows a spectrum-analyzer display for two different pump-power levels. For trace 1, the pump power is too low to give gain. Only the pump and signal lines are seen above the receiver noise background. The noise rise is not understood in detail. A tentative explanation has been provided by invoking the concept of phase instability [ l l ] . The noise rise, however, is observed in both the DDA and the SDA modes and it is not obvious how the suggested mechanism applies to both cases. The junction used in Fig. 2 produced substantial gain in the SDA mode [7] . Gains up to 16 dB in a 4-MHz bandwidth were observed, although they still were associated with noise rise and very-high noise temperatures (3000 K).
Also in the SDA mode, the relative bandwidth was consistently found less than predicted by theory. Obviously, a more elaborate model of the embedding microwave circuit must be used in order to understand this result [lo] . Fig. 3 illustrates another interesting phenomenon. In both the SDA and DDA modes, amplification is possible on the pump-induced steps at dc voltages nhfp/2e. The upper part of the figure shows the I-V curve with and without pump power. With the pump applied, steps at n = 1 and 3 are seen.
In the lower part of the figure is shown the SA output with the SA window preset at 1) the IF transpose of the signal frequency and 2 ) detuned by 200 kHz. The output is monitored as a function of bias current on the n = 1 step. Also shown (the dashed line) is the signal power level at the top of the cryostat. The noise output (trace 2) is very high in the region of gain, indicating a high noise temperature. Still, the gain is appreciable (12 dB). Self-oscillation at half the pump frequency was observed (not shown) on the lower part of the step.
The occurance of self-oscillations indicates that the infinite Y deflections used for calculating the gain of the! parametric amplifier and the noise temperature of the recehw. Once these parameters are known, the intrinsic noise temperature of the parametric amplifier can be calculated fro~m t h e noiwebackground curve by taking into account all noi,se contributions that fall within the receiver sidebands. The maximu!m gain found here is 7 . 2 dB in a 20-MHz bandwidth, and a m SSB noise temperature of 100 k 25 K. Extensive measu..remenlts were performed on this junction. One surprising; rlesult was that the gain and noise temperature increased togeth.er (in contrast to what is found for varactor parametric amplifiers), a correlation rather independent of the parameter by means af which the gain was changed. Fig, 5 also inc1ude:r lresults obtained for a 1.5-il junction, illustrating the !same general behavior, but with much higher noise temperatures. The stability of the amplifier against changes in bias conditims were studied. A typical measure of the gain dependence Ion pump power is AGlAP -3 dB/l dB. As shown in Fig. 4 , the amplifier can be conveniently tuned by changing the dc-Bias current at constant temperature. However, since the plasma f~raquency is proportional to I : ' " the temperature dependencs of I, may cause both gain and noise temperature to be sensitive to temperature variations. In the case of the 10.442 junction (see Fig. 5 ) we observed that a 2 0 mK change in tempe:rature produced a 3-dB change in both gain (from 6 to 9 dB) and noise temperature (from 100 to 200 K). In conclusion, t.he stability of the amplifier is sufficiently good for practical applications. The correlation between gain and noise temperature observed here is also found in the DDA mode [3], as noted by IFeldman and Levinsen [ 131 . They ascribe the apparent proportlonality Voltage (mv) Fig. 7 . I-V curves for the array in Fig. 6 (a) without applied pump power, ( b ) with pump power applied at 68 GHz.
between noise temperature and gain to an operating-point instiability which may cause large excursions from the stable limit cycle when the total noise power becomes appreciable compared to the pump power.
2) Arrays, SDA Mode: Preliminary measurements on arrays in the SDA mode were not very encouraging. Gains higher than those achieved with a single junction were never obtained and the noise temperatures were much higher. At very-low power levels, the junctions were rather identical, as inferred from the measured supercurrents. For a typical array, the spread in supercurrents was of the order of 3 percent for ten of the junctions, whereas the remaining two had 20 percent smaller supercurrents. This is illustrated in Fig. 6 , which shows the result of a small-signal reflection measurement. Two resonances are seen, one corresponding to the two junctions with low supercurrents and one corresponding to the other ten junctions. The numbering of the curves tells how many junctions have switched to the finite-voltage state. Fig.  7 shows that the spread in supercurrents is drastically enhanced, as the pump power is increased. The plasma resonances of the individual junctions are, therefore, detuned by the pump. Hence, the problem of using arrays is twofold. First, any small differences in junction parameters are magnified by the pump, and second, the parametrically active junctions will be loaded in some unknown way by the nonparticipating junctions. The best operating point found in the experiments on this array had seven junctions switched. The gain was comparable to that of single-junction devices. The amplifier was, however, very unstable and had a rather high noise temperature.
C. 70 GHz
The signal was coupled into the cryostat using an oversize 35-GHz waveguide with a tapered transition to the 70-GHz quarter-wave transformer. Only the DDA mode was investigated at this frequency. Even though parametric effects with noise rise and the appearance of an idler were observed, no net gain was achieved.
v. THE CHOICE OF JUNCTION PARAMETERS
The important criterion in the choice of junction parameters is the high-gain condition (6) which may be written as
where the maximum plasma frequency wo = (2eIc/-fiC)1/2 has been introduced.
From (8) , it follows that the highest signal frequency attainable is found at plasma resonance and for R/Zo + 0. The limiting frequency is w, -0.58 w, and w, -0.49 w, for the SDA and the DDA, respectively. In order to satisfy the resonance condition we must have 0 , 5 wo. Since w, is proportional to the RI, product, a high operating frequency requires high T, materials. Also, the plasma frequency must be high, implying that the ratio I,/C should be large. This calls for a high current-density junction and a low dielectric constant. In contrast to the high current-density requirement, it has been found [ 101 , [ 141 that optimum noise performance is achieved if R > Z o . This underscores the necessity for small-area junctions and impedance transformation. Furthermore, the gainbandwidth product increases with decreasing area (decreasing capacitance).
The choice of optimum-junction parameters can now be made with the aid of Fig. 8 . Fig. 8(a) has I,/C and the frequency f as parameters. The plasma frequency is represented by the dash-dot line of slope. 3. In Fig. 8(b) , the abscissa is R/Zo and the ordinate is the reduced frequency flf, (righthand scale). In this parameter space, curves of infinite gain (ING curves) can be drawn. Stable amplification is found in the region just above the ING curve. The ING curve, however, is not uniquely determined as can be seen from (8) . The operating point may be chosen to achieve either plasma resonance, maximum stability against pump-power fluctuations, or maximum stability against dc-bias fluctuations. Independent of the choice, the best operating point is always found below the plasma-resonance line denoted f o in Fig. 8(a) , and just above the ING curve in Fig. 8(b) . As the pump power is increased from zero, the ING curve shifts towards higher reduced frequencies. At the same time the plasma frequency decreases. Also, a change in dc-bias current will shift the ING curve and the plasma frequency.
To illustrate the design procedure, let us consider as an example a 100-GHz singly degenerate parametric amplifier. The selection of a Pb-oxide-Pb junction (f, -800 GHz at T = 0 K) gives a sufficiently low reduced-signal frequency (the dashed line in Fig. 8(a) and (b) ). The capacitance per unit area is -3.5 pF/cm2 for Pb-based junctions [15] rather independent of current density in the range corresponding to plasma frequencies between 10 and 200 GHz. Using this value, the current-density axis also shown in Fig. 8(a) can be drawn.
The determination of R/Zo completes the design. To maximize the gain-bandwidth product and optimize the noise performance, R/Zo should be as large as possible. This obviously requires that the ING curve is pushed towards high frequencies. Consequently, both J1(a) and sin @o should be maximized by adjusting the pump power and the bias current. However, bias points close to the maximum supercurrent are unstable. A reasonable value is sin qio = 0.8. This unambiguously determines the ING curve shown in Fig. 8(b) and the value of R/Zo -2.5. At this operating point, the plasma frequency is given by oo(Jo cos @o)1/2 -0.45 wo, which corresponds to the dashed line in Fig. 8(a) . From the condition that the signal frequency should coincide with the plasma frequency, we find the necessary current density to be J, N 2400 A/cm2, which is readily achieved with a Pb junction. Assuming further a load resistance Z o (transformed waveguide impedance) of 3 s 1 , we can calculate the junction dimensions to be 3 pm X 3 pm. Such junctions are readily manufactured using standard photolithographic techniques. Using the numbers previously determined, the gainbandwidth product may be calculated from (7). The result is G1l2 A o / o = 1.7. An estimate of the noise temperature may also be made in the high-gain limit. Using [ 101 , we find Tnoise 8 K. This result neglects quantum corrections. However, the quantum limit is Tnoise =?if/k In 2, which at f = 100
GHz gives Tnoise = 6.9 K. Consequently, quantum effects cannot be neglected in a consistent noise theory. This would, however, require a more elaborate model than the simple, shunted-junction model commonly used, as this model breaks down at the high frequencies where the quantum corrections become important.
VI. CONCLUSION
The principles of the operation of Josephson-junction amplifiers have been discussed and illustrated by experimental results. The similarities between the two modes, SDA and DDA, have been stressed.
